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Interference  Versus  Frequency  in  Measurements  in  a Shallow  Lake 
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INTRODUCTION 

A('(U  s'i'K  \l,  mi.i'uri  lilt  lit'.  [i.irtH  ul.irl_\  inr  tin- 
t .ilitir.iliim  111  uiuli  rw.iicr  '<iuinl  tr.iii'iluitr'.  .in 
iitltii  in.iilc  in  'li.illtiu  w.ittr  Inr  (i(m<mm  nr  titlur 
)ir.ii1it.il  n.i'iiii'  I lie  .ili'tiitt’  <>l  ^iiiul  frit'  litlil  toinli 
tidii'  mU't  Ilf  ttiUr.iinl 

I Ilf  I lulirw.itfr  .Stiuiitl  Rflfrfiut  l-.ilmr.iiiiry  tali- 
liratf'  tMii'diKtr'  in  .1  l.ikf  J.'i  t<i  It  itffii  'I'hi' 
(Iqitli  i'  aiiiplf  fur  int.i'iirfimiil'  at  iiltr.i'onii  Irt 
<linn<U'  lift.iii'f  tm.i'urtiiu III  tiaii'ilinfr'  tan  In 
mailf  tlirt  1 titiiui  tn  .t\<n<l  tliilu ullif'  with  rtlifitniii' 
from  llif  tiiii  .mil  linttotn  liniintl.irif'.  Surf.iit  -rflliiifil 
'iiiitnl  in  till'  ilirfiimn  of  iiiintir  Inlif'  nf  tht-  railiatinii 
[i.ittirn.  .mil  nlliir  iNpi'  nf  intirlfrfnif.  an-  i-.i'iK 
ret ii>;ni/fil  .mil  tiimiintfil  for.  Inr  fv.mipli.  It”  1 i' 
a tr.iif  Ilf  .1  li>ilr<i|ihnnf imt|iiit  \nlt.iai  \ fr'ii- lrii|iii m y 
riif  'iiliil  Imi  1'  till  ini.i'iirfil  Mill.if’f  Tin-  il.i'lifil 
line  1'  till-  uirriitfil  xolt.itJf  1 In-  ii'iillatm"  p.itti-rn 
I .m  Ilf  iili  ntiiifil  .i'  'Urf.iu  ri  lift  t inn  intfrfi  rinn  frimi' 

Si  I Stl,  (1) 


I II.  1 Mia'iiri'il  liyilrii|)hiiia- imlpul  vollauf  vi  tmi' (ri-<|Ui-iii  y, 
illii'lr.iliny  a tv|iiial  osull.ilint'  intirfiriiiii-  |>alli'rii  rrMiItmi' 
(ruin  a Mirt.u  1 ri  ilii  linn  Snlnl  liiif  is  imasuri'il  sum  nl  ilirri  I ami 
rflli-.ti  il  signals  Daslii-il  liiii-  is  iiiiii|niliil  iliri-i  I signal 

' Ihis  (iiri)iula  IS  a|)plii al.Ii'  In  many  Ivpi’s  n(  inlirfi ri'iii c It 
slainliim'  n.ivis  ari‘  set  up  IiiIimiii  tiui  plain  ami  par.illil  trails 
iluiirs,  J</  IS  Inni  llif  ilislanif  liitmiii  traiivlmirs  It  “truss 
l.iU.,”  or  till-  iiilirfirinii'  Intiiiin  tlii'  iliri-it  .'uoiisIh  sit;iial  ami 
a purely  electroinat'iietii  sii'iial,  is  present,  Sd  is  the  ilistaiiie 
between  transiiuiers. 


whin  Si  Is  till-  friiiiiiniy  mtirv.il  Intwi-iii  .nli.iu-nt 
piak'  iir  .hImiiiiI  nulls,  < is  tin  sjiful  of  suutnl.  .mil 
St!  |s  lilt  ji.iih  ihlfiriiiif  liitwffii  the  iliri-i  t .mil  tin- 
'iirfai  f ri  til  I till  'it’ll. iK  I'ltinre  1 i'  .1  ili  i hi-l  iii 
liit’.inthniii  plot  On  .1  hiif.ir  ]>lnt  the  n'i lilalini. 
patti  rn  woiilil  h.ivi  .m  a]iiiiii\ini.iti  ly  'inii'iiiil.il  ''.ipf 
In  i-ilhfr  i.i'f.  tin  lurrnl  li\i-l  of  tbi-  ihriii  'ii;nitl  is 
f.i'ily  asiirt.iiiifil  fniin  tin  ni.i\ini.i  .mil  minima  li  vi-K 
Ilf  thf  list  ill.iiiuii'. 

\t  ainlin  fri'iiiifin  it  s the  mii  rfi  reni  e is  nut  so  'im])lr. 
I i);uri-  2 is  an  1 x.implf  of  .1  li\ilriiplnini-  oiilpiil  \olt.it!L' 
vi-r'ii'  frfi|tifin_\  I'ln-  souml  iiro.ifitor  w.is  a I'.SRI, 
t\pf  JO  whiili  h.is  .1  smnotli  ami  iilmo't  lonstani 
transmit  tint;  rfs])on'f  ■ I'ln-  hyihnplninf  was  .1  Mass.i 
tyjif  Ml  1,'B.  wliii  h h.is  a lonst.int  rti  t iyiiit;  'iiisitivity. 
Thf  1 .V  r.itii)  of  ir.iiisiliii fr  sfp.ir.ition  to  water  ilqith 
was  I liosi-n  to  'how  the  fl'ffi  t of  interf  ri  tne  in  some 
ilftail.  it  i'  not  ihi-  mmimiim  i.itio  ii'i-il  .it  the  I'.SRI,. 

'I'hf  inli  rffri  III  f O'l  ill.iinui'  .ijiiif.ir  to  he  mion- 
'I'tint,  tiny  .in-  ol  irrettiil.ir  'h.ipe  anil  the  .miplilinle 
is  miiili  ttn-.itfr  th.m  i.m  he  .inoimtfil  for  hy  a sinnle 
siirfaie  or  iiotlom  rellfition  I'he  osi ill.itions  do, 
liowfwr,  re|H'al  at  the  'time  freiiiiemy  interval  Sf  as 
would  a sint;le  surfaie  relleitiim. 

Ik-i  aU'e  of  the  lout;  w.im  lenutli'  .it  .iiidio  frei|ueni  ies, 
ihrei  lional  traiisilui  ers  .ire  not  le.i'ihle.  Short  projei  tor- 
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I'll,  2 .Measiireil  Iiyilriiplnine  imtpiit  viiltatte  where  iirojector 
ainl  liyilrophimi- are  biitli  al  a depth  nmlway  helween  the  water- 
air  surfaie  ami  Imblile  mvereil  IniUoni  I'he  transihners  are 
sr|iaratei|  by  a ilistance  ei|iial  tii  \ of  the  water  ile|)lh.  The 
prujeitor  transimltini;  res|)onse  ami  hyilniphune  reteivint; 
sensitivity  are  both  essentiallv  lunstanl  with  frequemy 
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Interference  Versus  Frequency  in  Measurements  in  a Shallow  Lake 

Robert  J.  Kobber 

l\  S.  .V<i»v  I’ndcmutlcr  Sound  Rtftrence  Libornlory,  Orlando,  hU-rida 
(Received  March  22,  1961) 


When  an  oinnidireclional  projector  an<l  liyilroplionc  are  cloyely  s|>aced  and  in  slialliov  ttaler,  anel  wiunil 
is  transniitled  from  one  to  the  other,  a l.irRo  interferenre  signal  is  supcrimposetl  on  the  rlirect  .siRnal.  If  the 
rcctiverl  sifinal  is  plotteri  .as  a function  of  fre-iuenry,  its  in  a ralihration  rneasurernent,  the  interference  siRnal 
ani|ilitu<lc  appears  to  he  an  inconsistent  scries  r>f  irrcRular  sharp  peaks  an>l  di])s.  \ matheniatical  analysis 
of  the  condition  tvlicrc  the  transriucersare  nii<lv\ay  licltteen  a uatcr-air  surface  and  a huMiIc  covered  bottom 
shows  that  the  sbaite,  amplitude,  arul  fte<(ueiicy  of  the  interference  pattern  are  predictable  as  the  result  of  a 
larRc  number  of  multircllcction  paths. 


INTRODUCTION 

ACOUSTK'AL  nicasuremcnts,  particulitrly  for  the 
calibration  of  uiulcrwatcr  sotiiul  tritusduccr.s,  arc 
often  intitlc  in  sliallow  Witter,  i'or  cconoiitic  or  other 
pnictical  retisons  the  absence  of  good  free-lield  condi- 
tions inu.st  be  tolerated. 

'J'hc  Underwater  Sound  Reference  I.,iibonit«)ry  cali- 
brates transdticers  in  a lake  25  to  30  ft  deep.  'I'his 
depth  is  ample  for  measurements  at  ttllrasonic  fre- 
quencies because  meitsurement  transducers  can  be 
made  directional  to  avoid  dilVtcttUies  with  rellections 
from  the  top  and  bottotn  boundaries.  Surfiicc-reflected 
sound  in  the  direction  of  minor  lobes  of  the  nidiation 
pattern,  and  other  types  of  interference,  are  easily 
recognized  iiitd  accounted  for.  I'or  c.xami)le,  big.  1 is 
ii  trace  of  a hydrophone  output  voltiige  versus  frequenej'. 
'I'lic  solid  line  is  the  measured  voltage.  'I'he  dashed 
line  is  the  corrected  voltage.  The  oscillating  lyattern 
can  be  identified  as  surhice  rellection  interference  from' 

Af=c/Ad,  (1) 
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I'Tc.  1.  Measured  hydrophone  output  voltaRe  versus  frequency, 
illiistratiiiR  a typical  oscillatitiR  interference  pattern  resultiiiR 
from  a surface  reflection.  Solid  line  is  measured  sum  of  rlirect  and 
reflected  siRiials.  Dashed  line  is  computed  direct  signal. 


' 'I'his  furipula  is  aiiplicablc  to  many  types  of  interference.  If 
standing  waves  arc  set  up  between  two  plane  and  parallel  trails 
duters,  Sd  is  twite  the  distance  between  transducers.  If  “cross 
talk,"  or  the  interference  between  the  direct  acoustic  signal  and 
a [lurcly  electromagnetic  signal,  is  present,  Ad  is  the  distance 
between  transducers. 


where  AJ  is  the  frequency  interval  between  adjacent 
peiiks  or  adjiicent  nulls,  c is  the  sjyeed  of  sound,  and 
At/  is  the  path  difference  between  the  direct  and  the 
surface  rellected  signals.  Figure  1 is  a decibel  oi 
logarithmic  jilot.  On  a linear  jilot  the  oscillating 
pattern  would  have  an  approximately  sinusoidal  shajie 
In  either  case,  the  correct  level  of  the  direct  signal  is 
easily  ascertained  from  the  maxima  and  minima  levels 
of  the  oscillations. 

At  audio  frctiuencies  the  interference  is  not  so  simide. 
Figure  2 is  tm  example  of  a hydroiihone  output  voltage 
versus  frequency.  'I'he  sound  projector  was  a USRL 
type  J9  which  has  a smooth  and  almost  constant 
transmitting  resjionse.''  'I'he  hydrojihone  was  a ^^assa 
type  M115R,  which  has  a con.stant  receiving  sensitivity. 
The  1:8  ratio  of  trairsducer  separation  to  water  depth 
was  chosen  to  show  the  effect  of  interference  in  some 
detail;  it  is  not  the  minimum  ratio  u.sed  at  the  USIU>. 

The  interference  oscillations  ajypear  to  be  incon- 
sistent; they  are  of  irregular  shape  and  the  amplitude 
is  much  greater  than  can  be  accounted  for  by  a single 
.surface  or  bottom  rellection.  The  oscillations  do, 
however,  repeat  at  the  sjime  frequency  interval  Af  as 
would  a single  surface  reflection. 

15ccau.se  of  the  long  wavelengths  at  audio  frequencies, 
directional  transducers  are  not  feasible.  Short  projector- 


Fio.  2.  iMctTSurcd  bydropboiic  output  voltage  where  projector 
and  liydroiiboiie  are  both  at  a depth  midway  between  the  water- 
air  surface  and  bubble-covered  bottom.  The  transducers  are 
separated  by  a distance  equal  to  J of  the  water  depth.  'The 
projector  transmitting  response  and  hydrophone  receiving 
sensitivity  arc  both  essentially  constant  with  frequency. 

• C.  C.  Sims,  I’roc.  Inst.  Radio  Engrs.  '17,  866  (1959). 
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I''u;.  Scliuiiatic 
draw  iiiR  «{ a«;sunu'd  c<>n- 
ilili'nw  fur  a projector 
and  iiyilrophonc  in 
water.  I’alhs  arc  shown 
(or  the  direct  Mf>nal 
and  for  the  suirIc- 
doulih’-,  an<l  trinlc- 
relhclion  paths  wlicn 
till-  (list  rctleclion  ’s 
from  llic  surface. 


undergoes  ti  jdiasc  reversal  at  e.acb  pre.ssurc-relcasc 
boundary.  Similarly,  the  signal  from  the  two-reflection 
path  is  .lscos(wf— Wj— 2r),  or  from  the  H-reflection 
jrath  is  J„cos(a'/— W„— hjt).  The  reflection  path 
distances  arc  given  by 

</,=  2[(iV2)i-H/2/2)0», 


d„=2,ilW2,:Y+{D/iyy. 

Since  72»(/r,,  the  (it>/2n  term  can  be  neglected,  and  the 
distances  reduce  to 


to-hydrophonc  distance-'  help  to  reduce  the  inter- 
ference by  increasing  the  ratio  of  direct-to-inlcrfering 
signal  amiflitudcs.  It  would  appear  helpful  also  to 
work  as  far  away  as  possible  from  the  nearest  bound- 
aries, or  to  work  ;it  a depth  midway  between  surface 
and  bottotn.  If  the  bottom  haj)pens  to  be  a pressure 
release  surface,  as  it  fref(ucntly  is  because  of  gas 
bubbles  from  decaying  organic  matter,’  * the  mid-dei)th 
may  be  the  wor.-t  jilace  to  work. 

It  will  be  shown  that  there  is  a regularity  to  the 
interference  pattern  shown  in  Fig.  2,  and  that  the 
regularity,  shape,  and  amplitude  of  the  interference 
oscillations  can  be  predicted  as  a result  of  placing  two 
omnidirectional  transducers  midway  between  two 
water-air  surfaces. 


./a=  2D 

(In^llD. 

The  amiditudes  of  the  reflected  signals  can  all  be  given 
in  terms  of  the  path  lengths  and  the  amplitude  A i 

If  2«£((/i./2»F-l-(/2/2/]'— «/X<X,  then  the  ph.ase  of 
the  reflected  signals  can  also  be  given  in  terms  of  the 
api)roximation  <I„=>iiD  and  the  e.xprcs.-sions  for  the 
reflected  signals  then  become 

.li  co${ut—kD—T), 

(.l,/2)  cos(cof-22’Z2-27r), 


THEORY 


(/li/«)  cos{ut—ukD—nv). 


Consider  the  condition  shown  in  I'ig.  3 where  a 
projt  ctor  and  hydrophone  arc  separated  by  a distance 
do.  'J'he  water  dei)th  is  D,  and  both  transducers  are  at 
the  depth  D/2.  Tlic  depth  ic.  much  larger  than  the 
distance  do.  Both  transducers  arc  omnidirectional. 
Both  surface  and  bottom  are  jiressurc  release  surfaces. 

'J'here  is  an  infinite  number  of  j)ossible  ray  paths 
between  the  transducers.  The  direct  path  and  paths 
involving  1,  2,  and  3 reflections  arc  sliown  in  Fig.  3. 
For  each  number  of  reflections  there  arc  actually  2 
paths,  1 for  the  first  reflection  at  the  surface  and  1 for 
the  first  reflection  at  the  bottom ; only  the  surface-first 
paths  are  shown  in  Fig.  3. 

The  sigmd  received  by  the  hydrophone  via  the 
direct  path  is  given  by  /locosfwi— Wo),  where  Ao  is 
the  amplitude,  w is  27t/  or  angular  frequency,  I is  time, 
and  k is  2tt/\  or  w/c  or  the  wave  number,  X is  wave- 
length, c is  the  speed  of  sound  in  water. 

'J'he  signal  received  by  the  hydrophone  via  the  one- 
reflection  path  is  given  by  /li  cos(«f— Wi— x)  where 
yli  is  the  amplitude  and  </i  the  one-reflection  path 
distance.  The  expression  includes  x because  the  signal 

’ J.  L.  Jones,  C.  B.  Leslie,  and  L.  Barton,  J.  Acoust.  Soc.  Am. 
30, 142  (1958). 

< R.  J.  Bobber,  J.  <icousl.  Soc.  Am.  31, 250  (1959). 


The  total  signal  II  received  by  the  hydro])hone  will  be 
the  sum  of  the  direct  and  all  reflected  signals 

CO 

//=i'locos(w/— Wo)+23  (di/»)  cos{ut~nkD-~mr). 


The  .second  term  can  be  expanded  as  follows: 


E 


Fl-l 


(Ai/n)  cos{ul—nkD—nir) 


CO 


= E i/(r)[cosw/  cos(«i’Z?+«x) 

>1-1 

+sinw(  sin(K^jD-FMx)]. 


Then 

//=do  cos(w/— Wo) 


to 


+[di  5Z  >r‘cos(«7:Z)-}-«x)]cos<o/ 

n—1 


(2) 


00 

sin(«/;Z)+?i7r)]  sinw/. 


n-l 


I X T E R F i;  R E X C E \'  S I'  R EC"  E X C Y IX  S 1 1 A 1. 1, 0 \V  W A T E R 


1213 


«1 


If  the  Mihslilutions 

iO'^(iikD+ inr)  “ f—  I)"  co^(itkD) 

iAi\(iikD+ii7T)-  (—  1)"  Mn(jjWJ) 
are  made,  ICq.  (2)  can  be  wriuen 
//—  -lo  COS((0/““Av/n) 

+[.li  53  (— coshA’7J]'cosu.'/ 

-■  (3) 

+C‘li  S (“  1)"H“‘  sim/WJ]  siiiu.'/. 

»-i 


Tlic  total  '-isnal  then  is  tlie  sum  of  llic  direil  Mitnal 
and  two  relleition  or  inlerfereiue  components.  Tire 
two  interference  components,  j;iven  by  the  second  and 
third  terms  in  K<(.  (3),  are  'Xl”  out  of  pliasc  with  each 
other,  and  the  phase  of  both  with  respect  to  the  direct 
signal  depends  on  the  angle  kilv.  Since  the  direct  path 
«/u  is  much  shorter  than  the  onc-rellection  ])ath  D,  the 
amplitude  .Im  is  much  larger  than  the  amplitude  given 
by  either  bracketed  term  in  Kq.  (3).  Therefore, 
an  interference  coinjionenl  which  is  in  phase  or  180*  out 
of  phase  with  the  direct  signal  will  add  arithmetically 
to  the  direct  signal,  but  an  interference  component 
which  is  90®  or  270®  out  of  jihase  with  the  direct  signal 
will  have  negligible  effect  on  the  amplitude  of  the  total 
signal— that  is, 


cos 

ukD 

sin 


(0®  or  180®  phase  difference) 


\I1\  = 


» cos 

/li5Z  (— 1)"«“‘  iikD 

n-i  sin 


(90®  or  270®  phase  difference). 


The  relative  phase  of  the  interference  components  and 
the  direct  .signal  will  change  continuously  as  a function 
of  k(l  or  frequency.  Consider  four  conditions  for  do 
given  in  wavclcngtlis  X : 

(a)  r/o=X/4,  5X/4,  9X/4,  • • • etc. 
then  kd(i=v/2  and  cos(ul—kdu)=s\nul, 

(b)  do^\/2,  3X/2,  5X/2,  • ■ • etc. 
then  kd(,=ir  and  cos(ut—kdo)-  —coiul, 

(c)  Jo=3X/4,  7X/4,  llX/4,  • • • etc. 
then  kd(,=3vl2  and  cos(w/— Mo)=— sinwf, 

(d)  do=0,  X,  2X,  • ■ • etc, 

then  kdo=0  and  cos(ul—kdo)=cosul. 

For  conditions  (a)  and  (c),  the  sine  component,  or  the 
third  term  in  Fq.  (3),  will  have  a 0°  or  180®  phase 
relation  with  the  direct  signal.  The  cosine  component. 


or  the  second  term  in  Eq.  (3),  will  have  a 9t)°  or  270° 
phase  relation  with  the  direct  signal  and  can  be  neglec- 
ted. Equation  (3)  then  simplifies  to 


//=[i/fo+-li  53  (— l)"jr'sinH7’D]sinw/.  (4) 

r.-l 

For  conditions  (b)  and  (d),  the  cosine  component  will 
have  0®  or  ISO®  phase  relation  with  the  direct  signal. 
The  sine  component  will  have  a 90®  or  270°  phase 
relation  with  the  direct  signal  ami  can  be  neglected. 
Eciuation  (3)  theit  simplifies  to 

//=[dr/lo+.^li  23  (— l)"«~'cos»A7X]cosw/.  (5) 

n-l 

The  summation  term  in  Eq.  (4)  is  the  same  as  that  for 
the  Fourier  series  for  an  inverted'^  saw-toothed  wave.' 
If  it  is  plotted  as  a function  of  kD  or  frequency,  the 
saw-toothed  interference  wave  in  Fig.  4 is  obtained. 
The  term  “wave”  here  applies  to  a periodic  variable 
as  a function  of  freciuency  rather  than  of  time  or 
distance  ar.  is  the  ur.md  case,  and  will  be  referred  to  as 
an  “interference  wave”  when  neccssarj'  to  distinguish 
it  from  the  real  acoustic  wave.  Where  .4  o and  A i have 
opposite  signs,  the  inverted  saw-toothed  wave  is 
inverted  again,  and  a normal  or  positive'  saw-toothed 
wave  is  obtained. 

The  summation  term  in  Eq.  (5)  is,  in  spite  of  its 
simple  form,  not  commonly  used  and  not  found  in 
the  usual  references  on  Fourier  series  or  wave  forms. 
A plot  of  the  sum  of  the  first  five  terms  is  shown  in 
Fig.  5.  This  interference  wave  shape  will  be  referred 
to  as  a peak  wave  in  the  form  shown,  or  when  .lo  and 
Ai  have  the  same  sign,  and  as  an  inverted  peak  wave 
in  the  negative  sense,  or  when  /lo  and  Ai  have  opposite 
signs.  Of  special  significance  is  the  amplitude  of  the 
sharp  peak.  When  kD=Tt,  3v,  Sir,  etc.,  the  summation 

* As  used  here,  a positive  or  normal  saw-loothcd  wave  has  a 
slant  line  with  a |)ositivc  slo[)c.  A ncKativc  or  inverted  saw  toothed 
wave  has  a .slant  line  with  a negative  slope. 

• F.  15.  Tcrinan,  Radio  Engineers'  Handbook  (McGraw  Hill 
llool.  Company,  Inc.,  Xew  York,  1943),  pp.  21-22. 
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term  in  K<i.  (5)  or  iomhc  >crie->  bet  oiiif" 

H-1  2+1  .H1/4+- 

Tliis  is  ii  liarmonic  MTitN  wliich  is  divcrKciU.  Thus,  the 
ainiilitude  of  tlic  sharp  i)cak  iiureases  \silhoul  limit  a. 
ft  iiureases.  The  negative  amplitude  is  the  sum  of 
— 1 + 1/2— 13+1/4-"  which  converjtes  to  — ln2  or 
approximately  — O.oO. 

The  terms  in  parenlhe'es  in  K<is.  (4)  and  (5) 
desiribe  the  amplitude  of  the  total  acoustic  signal 
und'T  four  dilTerenl  conditions.  Since  .lu  and  d|  arc 
almost  constants  with  fre'iueiuy,  the  shapes  of  these 
amplitude  functions,  or  interference  waves,  when  kl) 
or  frequency  is  a variable,  are  described  by  the 
summation  terms. 

Table  I summarizes  the  relations  among  the  four 
conditions,  the  form  of  licis.  (4)  or  (5)  which  applies, 
and  the  wave  shape  of  the  amjjlitude.  Conseciuci  tly, 
for  the  conditions  assumed  in  this  anal>sis,  the  ampli- 
tude wave  shape  should  change  from  inverted  saw- 
tooth to  inverted  peak  to  saw-tooth  to  peak,  and  then 
through  the  same  sequence  again,  as  the  frec(uency  is 
increased. 

The  freciucncies  at  which  each  wave  shape  will 
appear  arc  cal  .ulated  from  the  </»'  X r.itios.  'J'he  inverted 
saw-toothed  wave,  for  e.xample,  will  apjiear  when 

4-X/4  = c-/(4/) 

or  (6) 

/=(l/4)(<-/</„). 

Similarly,  the  inverted  peak  wave  will  appear 
when  /- (l/2)(c/</n),  the  saw-toothed  wave  when 
/=  (3/4)(c/</(,),  and  the  peak  wave  when/=c/c/o.  At 
intermediate  frequencies,  the  wave  .shape  will,  of 
course,  be  a complex  combination  of  saw-toothed  and 
peak  waves. 


Tlie  amplitude  for  the  saw-toothed  wave  when 
H— >cc  is  ±1.37.1i,  and  for  tiie  peak  wave  is  +«> 
and  — ll.bb.lj. 

The  ratio  of  .li/.ln  for  a single  boundary  rellectiou 
would  be  du'D\  however,  the  amplitude  -h  is  the  sum 
of  one  surface  and  one  bottom  reflection.  Therefore, 
Ai- Ll(d,t/D,  and  the  maximum  amplitude  of  the 
interference  waves  becomes  ±l..S7(2.lrt/M//J)  for  the 
.saw-toothed  wave,  and  + -*  and  —l).W(2Aai!fl/D)  for 
the  peak  wave. 

On  a decibel  scale,  the  interference  wave  amplitude 
is  gix'en  by 


+21)  log(l+.kl4(/o/D) 
-20  log(l-.kl4</, ,//.)) 


(saw-tooth) 


+ * 

-20  log(l-1..18</,./D) 


(peak). 


For  a typical  ratio  ih, '77= 0.12,  these  amplitudes 
become  +2.8  and  — 1.1  db  for  the  .saw-toothed  wave, 
and  + X and  — 1 .0  db  for  the  peak  wave.  For  similar 
amplitudes  re.sulling  from  a single  reflection  from  a 
single  boundary  the  values  are  ±1.0  db. 


DATA  AND  DISCUSSION 

The  interference  waves  in  the  curve  in  Fig.  2 clearly 
.show  the  scciucncc  of  shapes  i>redicted  by  the  theory. 

At  frequencies  of  .100  to  500  cps,  the  i)cak-to-peak 
amplitudes  of  the  saw-toothed  waves  are  approximately 
7 db— again  in  good  agreement  with  theory.  At  higher 
frcciuencic'',  the  assumption  of  omnidirectional  trans- 
ducers loses  validity.  'Phe  effect  of  a directional 
transducer  is  to  reduce  the  ratio  of  .Ij/.lo  and  of  the 
interference  wave  amplitude.  It  does  not  affect  the 
wave  shape. 

'Phe  to]>  and  bottom  boundaries  in  any  practical 
situation  are  not  perfect  reflectors  and  some  energy  is 
lost  ibrough  both  boundaries,  llecause  of  this  energy 
lo.ss  and  the  absence  of  other  ideal  conditions,  the 
number  of  reflection  j/aths  effective  in  forming  the 
interference  waves  is  limited.  Clues  to  how  many 
reflection  paths  arc  effective  arc  available  in  the  number 
of  .secondary  oscillations  on  the  saw  toothed  wave  and 
the  amplitude  of  tiie  peak  wave. 

Analysis  of  data  obtained  when  da/D  is  0.10  to  0.12 
indicates  that  20  to  30  rcflcc  tions  arc  effective  in  forming 
the  interference  waves  a surprisingly  large  number. 

It  was  assumed  in  the  theory  that  </„  w’as  approxi- 
mately equal  to  iiD.  'Phe  errors  in  this  assumption  are 
largest  for  « = 1 or  the  first  reflection  and  at  the  highest 
frequencies.  For  (/o=100  cm  and  77=800  cm,  the 
distance  or  magnitude  error  for  «=  1 is  7 cm  or  less 
than  1 percent.  'Phe  phase  error  is  33.6°  at  2 kc  and 
8.4°  at  500  cps.  'Phe  phase  error  is  obviously  the  more 
important  of  the  2,  and  along  with  the  directivity,  is 
responsible  for  degeneration  of  the  interference  patti'rn 
at  high  audio  frequencies. 
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I MTRRF  F-RENCIi  VS  FRliQl'ENCY  IN  SHALLOW  WATER 
Tuii.k  L Summary  of  interference  wave  ^!l.Vle  nnal>>is. 

Coixlilion 


Total  siK»al  ainplituile 


Air.plituilc  wave  !>Iiape 


</.,»  X/4..‘:.\/.|.clc. 

+ .'l,.+.ti 

5(- 

!)"«“'  simtl'D 

Invi-rted  s.iw-looth 

</„-  X/2.3V2,clc. 

-.L.+.I, 

5 (- 

l)">r*cos«t72 

Inverted  peak 

7.\A1,  etc. 
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(- 

siiinitD 

Saw-tooth 

A,  2,\,  etc. 

-fdo+j'li 

«o 

(- 

l)"»r'cosM<t/2 

Beak 
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i 

I 

( 
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The  four  types  of  inlerfereiu.e  waves  appear  at 
frequencies  very  dose  to  those  preilkteil  by  liq.  (6) 
and  theory.  A small,  but  consistent  and  unc.xplained, 
discrepancy  can  be  noticed  at  the  higher  frequencies. 
The  peak  wave  in  Fig.  2,  for  cwample,  appears  at  1.5  to 
1.0  kc,  v''ere  the  computed  value  (/=c/Wi,)  is  1.525  kc. 

OTHER  BOUNDARY  CONDITIONS 

With  a single  plane  boundary  such  as  the  water-air 
surface,  the  toUil  .signal  is  the  sum  of  the  direct  signal 
and  one  reflection 

//=  Hu  COs(a'/)-}-7{i  COs(a;/-}-<l), 

where  Bu  iind  Hi  arc  the  amplitudes  of  the  direct  and 
reflected  signal  and  0 is  the  pha.se  difference  between 
them.  This  e.cpression  can  be  expanded  and  rearranged 

ll=Jh  coso!/-l-Hi[cosa’/  cosd— sinwf  sindj, 

= cosO)  cosa;  • (Hi  sinO)  sinw/. 

If  Ho>>Hi,  the  second  term  can  be  neglected  and 
II  = (Hud-Hi  cosO)  cosco/. 

The  amplitude  (Hr,-}-Hi  cosO)  will  oscillate  as  a function 
of  0 and  will  rcj)eat  when 


Under  .some  practical  conditions,  particularly  in  air 
acoustics,  the  top  and  bottom  boundaries  may  both  be 
rigid  instead  of  pressure  release  a large,  low-ccilingcd 
room  with  hard  floors  and  ceilings,  for  c.xample.  It  can  be 
■shown  that  these  boundary  conditions  merely  eliminate 
the  (—1)"  terms  in  iiq.  (5),  and  that  this  rc.sults  in  a 
shift  of  V in  the  interference  waves— that  is,  in  Figs.  4 
and  5,  the  0,  27r,  dir,  etc.,  jioints  on  the  abscissa  would 
be  shifted  by  rr  in  cither  direction.  Otherwise,  the  rigid 
boundary  condition  is  the  same  as  the  pre.ssure-relcasc 
condition. 

An  imj)lic:ition  of  the  theory  is  that  when  one 
boundary  is  rigid  and  the  other  is  pressure  release,  the 
interference  at  points  midway  between  will  completely 
cancel.  Attcmjjts  have  been  made  to  test  this  a.spcct 
of  the  theory.  The  results  were  inconclusive  because  of 
the  practical  dilhculty  of  obtaining  a large  or  widc- 
sinead,  rigid,  bottom  l)oundary  in  water. 

Working  at  a depth  shallower  or  deeper  than  the 
rnid-depth  docs  not  eliminate  the  interference  problem, 
it  merely  complicates  the  analysis  of  the  situation. 
1 low  ever,  bcc.iUse  of  the  .synmivtrical  boundary  condi- 
tions, the  maximum  coherence  of  the  many  interfering 
signals  and  therefore  maximum  interference  would  be 
c.\pccted  at  mid-depth. 


0=  2mr 
or 

IvAd/X  ~ ItiK, 

where  « is  an  integer  and  Ad  is  the  difference  in  jrath 
length  between  the  direct  and  reflected  signal.  Then 

Ad=ii\=c/f, 

f = lie/ Ad, 
or 

Af^c/Ad,  (7) 

where  AJ  is  the  repetition  frcciucncy  or  frequency  differ- 
ence between  adjacent  interference  jjeaks.  Equation  (7) 
is  the  same  as  Eq.  (1). 


CONCLUSION 


Where  an  omnidirectional  projector  and  hydrophone 
arc  closely  spiiced  in  shallow  w’atcr,  the  acoustical 
interference  measured  as  a function  of  frequency  can 
be  explained  on  the  basis  of  a large  number  of  multi- 
reflected  sound  rays.  When  the  transducers  are  half 
way  between  the  water-air  .surface  and  a bubble 
pressure-release  bottom,  the  true  frequency  response 
curve  has  superimposed  upon  it  an  interference  i)attcru 
which  is  a sequence  of  saw-tooth  and  peak  wave  shapes. 
For  a projector-to-hydrophone  distance  equal  to  one- 
tenth  to  one-eighth  of  the  total  water  depth,  the 
interference  wave  shapes  c.in  be  e.xpected  to  have 
amplitudes  of  7 to  8 db. 
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